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The positive-curvature Friedmann-Lema^tre (`FL') cosmological model in standard form has a scale factor S(t)




) = 1 (see e.g. [14],[15]). The
spatial sections are closed at r  coordinate value increment 2; that is, P = (t; r   ; ; ) and P
0
= (t; r + ; ; )
are necessarily the same point, for arbitrary values of t; r; ; ; and wherever the origin of coordinates is chosen. The
Hubble Parameter is H(t) =
_
S(t)=S(t); with present value H
0
= 100h km=sec=Mpc: The dimensionless quantity h
probably lies in the range 0:7 < h < 0:5.
A. k = +1 Dynamics














where  is the gravitational constant in appropriate units and  the cosmological constant (see e.g. [14],[15]). The
way this works out in practice is determined by the matter content of the universe, whose total energy density (t)






3H(t) = 0: (2)
The nature of the matter is determined by the equation of state relating p(t) and (t); we will describe this in terms
of a parameter (t) dened by
p(t)=c
2
= ((t)   1)(t);  2 [0; 2]: (3)
During major epochs of the universe's history, the matter behaviour is well-described by this relation with  a
constant (but with that constant dierent at various distinct dynamical epochs). In particular,  = 1 represents
pressure free matter (`baryonic matter'),  =
4
3
represents radiation (or relativistic matter), and  = 0 gives an
eective cosmological constant of magnitude  =  (by equation (2),  will then be unchanging in time). In general,
 will be a sum of such components. However we can to a good approximation represent the universe as a series of
simple epochs with only one or at most two components in each epoch.
The dimensionless density parameter 
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represents the value of 

i
(t) at some arbitrary reference time t
0
, often taken to be the present time. One
can dene such a density parameter for each energy density present. We can represent a cosmological constant in
terms of an equivalent energy density 

= ;from now on we omit explicit reference to ; assuming it will be




































































































































is the conformal time, used in the usual conformal diagrams for FL universes [13].
B. Matter and Radiation Eras
During the combined matter and radiation eras, i.e. whenever we can ignore the  term in the Friedmann equation




, each separately obeying (7),
a simple analytic expression relates S and 	 [15]. For such combined matter and radiation, referred to an arbitrary





























where the rst term is due to the matter and the second is due to radiation. It is remarkable that they are linearly









= 0: The origin of the time 	 has been chosen so that an initial singularity occurs at 	 = 0; if the
Hot Big Bang era in this model is extended as far as possible (without an inationary epoch). We will use this
representation from the end of ination to the present day. It will be accurate whenever the matter and radiation
are non-interacting in the sense that their energy densities are separately conserved, but inaccurate when they are
strongly interacting, for example when pair production takes place.
C. Cosmological Constant Epoch
During a cosmological constant-dominated era, i.e. when  > 0 and we can ignore matter and radiation in (1), we
can nd the general solution (with a suitably chosen origin of time) in the simple collapsing and re-expanding form








where t = 0 corresponds to the minimum of the radius function, i.e. the turn-around from innite collapse to innite
expansion, and so S(0) is the minimum value of S(t) (note that we can have independent time scales in the dierent
eras with dierent zero-points, provided we match properly between eras as discussed next). This is of course just
the de Sitter universe represented as a Robertson-Walker spacetime with positively-curved space sections [18] , and





for some suitable initial time t
i




. We will represent the
inationary era (preceding the Hot Big Bang era) in this way.





















which diverges as t! 0 and tends to 1 as t!1: The inationary eect is enhanced in such models as compared with




) is here even more negative than in those scale-free
models.
4D. Joining Dierent Eras
Junction conditions required in joining two eras with dierent equations of state are that we must have S(t) and
_
S(t) continuous there, thus H(t) is continuous also. By the Friedmann equation this implies in turn that (t) is
continuous, so by its denition 
(t) is also continuous (note that it is p(t) that is discontinuous on spacelike surfaces
of discontinuity). We need to demand, then, that any two of these quantities are continuous where the equation of
state is discontinuous; for our purposes it will be convenient to take them as S(t) and 
(t): Thus we need to know
S(t) and 











The matching we need to perform is between the Hot Big Bang era and the Inationary era. Now for combined
matter and radiation, referred to an arbitrary reference point P , we have (9). Writing the same solution in the same
form (with the initial singularity at 	 = 0 in both cases) but referred to another reference point Q; we have the





for all 	; so they must have identical functional forms. Matching the two expressions for all 	;














(R) at the event Q in terms of the density parameter values at P: Taking






































(R). We are assuming here that the details of
reheating at the end of ination are irrelevant: conservation of total energy must result in the total value of 
 at Q





) at the end
of ination Q by (12 ), which then gives t
Q

































is the expansion ratio from the end
of ination until today.
III. PARAMETER LIMITS
A. Maximum Number of e-foldings: N
max
The maximum number of e-foldings available until time t
Q





) is given by the expansion






















because S(0) is the minimum value of S(t) (by our choice of time coordinate for this era, the throat where expansion
starts is set at t = 0) and t is restricted by (11). If the universe starts o at any time later than t = 0 in the expanding
era t > 0, there will be fewer e-foldings before the end of ination t
Q
.
Dene the dierence of 

0




= 1 + Æ , 

m0




Then we nd from (15) and (13) that the maximum number of inationary e-foldings that can occur before ination
ends at an event Q with expansion ration R, is
N
max



























This e-folding limit essentially represents a matching of the present day radiation density 

r0
to the energy density
limits that may be imposed at the end of ination, which will place restrictions on the possible value of the expansion
ratio R. It does not take into account matter-radiation conversions in the hot big bang era, which we consider in a
later section.
5B. Density parameter variation from unity: Æ


























= 0). Thus there is a smallest value for N
max




C. Expansion ratio since end of ination: R













































The epoch chosen for the end of ination will determine the expansion parameter R. What is a realistic expectation
for the end of ination? A typical gure for the energy then is 10
14
Gev, just below the GUT energy. In terms of
temperature this is equivalent to T = 1:1610
27
K at the end of ination. But the CBR temperature is 2:75K today,
so assuming that in the Hot Big Bang era T scales as 1=S(t), we obtain the value R =1:16  10
27
=2:75 = 4:22 10
26
:
This can be taken as an upper value (ination ends below the GUT energy), but requires correction for pair production
processes at high temperatures (see below). An absolute lower value would be R =10
12
(ensuring that ination ends
before baryosynthesis and nucleosynthesis begin). Finally, how many e-foldings would be expected during ination?
A value demanded in most inationary scenarios is at least N = 60, required rstly to smooth out the universe, and






([19], p.355); some studies quote much higher values for N . The value of the dierence from atness Æ today (16) is
probably in the range  0:05 < Æ < 0:1; it might be very small indeed, as assumed in many inationary scenarios.
In this paper, we are only studying the case Æ > 0 because we are assuming positive spatial curvature. The Cosmic













We now explore the eect of variation of all these parameters except 

r0
; which we take as xed, because the
temperature of that radiation is extremely well determined by observation. It is this quantity that then determines
the numbers in what follows (if we did not x this number, we would get only functional relations but not specic
numerical limits on what can happen). There will be a small variation in the results that follow if we vary h; because
the CBR temperature is converted into an equivalent 

r0
-value by the present value of the Hubble constant (expressed
in terms of h).
E. Allowed end of ination
In terms of the ratio R; for 

0
= 1 + Æ and using the above value for 

r0
; we can get at most N-efoldings during






























 60 and Æ > 10
 4











= 60 and h = 0:65 are



























Now as commented above, we do not want to exceed the value R = 4:22 10
26
corresponding to the GUT energy
density. The conclusion is that we exceed this value if Æ > 0:005: The limit will become stronger if we demand more
e-foldings.
F. Allowed density range today
Assume now R =4:22 10
26














In this case, the smallest number N
max





, and so N
max
> 30:65. For various inationary
e-folding values N
max
greater than this amount, we nd, on setting h = 0:65:
N
max








57 58 59 60






We see here the very sharp decline as N
max
increases through 56 to 59. Values higher than 58 strongly limit the value








Finally again assuming R =4:22 10
26
, the maximal number of efoldings is given by
N
max
















So for various values of Æ; if h = 0:65, we nd the allowed number of e-foldings:












7So we again see the here the crucial e-folding range 56 to 58 as the limit allowing substantial values of Æ: This range
is less than that normally assumed for the end of ination.
IV. ACTUAL NUMBER OF E-FOLDINGS: N
The actual number of e-foldings during the inationary era until time t
Q




















































































































so using (13), substituting 

0

























This gives the standard result that ination through N e-foldings decreases Æ; and can indeed make it arbitrarily small
if N is large enough. The limit giving N
max
is the irregular limit: 

i
 ! 1: We obtain a minimum allowed number








  1): This gives N
min




















Universes with less e-foldings will have collapsed before today.
V. IMPLICATIONS
We have arrived at the following interesting result: Consider a universe with a cosmological constant{ dominated
inationary epoch, where ination ends by 10
14
GeV . Then, noting that 

0
> 1 ) k = +1; we nd that with our
assumptions above, if 

0
> 1:01; the limits above apply in our multi-stage simple model and there cannot have been
ination through 60 e-foldings or more in such a model. Thus for example 

0
= 1:01 contradicts the possibility of
an exponentially expanding inationary scenario with more than 60 e-foldings in our past in such a model. This is
basically because the curvature enhances the eect of ination in the very early universe, making the curve S(t) bend
up more than it would have done in the zero-curvature case and resulting in 
 diverging at a turn-around point if the
inationary era is extended too far to the past. This is disallowed by the instability of a collapsing inationary epoch
[20].
However these values depend on the assumptions we make for R and h in this simple model multistage, and would
be changed by more accurate models; there will be variations of these gures with detailed inationary scenarios
and more accurate modelling. In particular, we have carried out preliminary estimates of the eects of (a) changing
matter-radiation relations in the hot big bang era, due to pair creation and extra degrees of freedom arising; these
seem to make little dierence; and (b) the eect of a previous radiation dominated era at the start of ination,
resulting in an initial inationary era where radiation was non-negligible. The basic eect would remain in this case,
but the numbers estimated above would change. These renements will be considered in a paper [10] examining the
relevant dynamics in more detail.
The main point of this paper is that such limits exist and should be taken into account when examining inationary
models with k = +1. The detailed limits given above are only for the simple model considered here; they will be
dierent in more detailed models of this eect.
8A. Criterion for this to happen
This calculation is for an epoch of ination driven by a cosmological constant. However there are numerous other
forms of ination. The key point then is that similar eects will occur in all inationary models in which the eective
energy density of the scalar eld varies slower than the curvature term in the Friedmann equation, which varies as
S
 2
: From (7), this will happen if 3 < 2: The limiting behaviour where the energy density mimics the curvature
term is a `coasting' universe with 3 = 2 ,  + 3p=c
2
= 0. Scalar elds can give any eective  from 0 to 2, so
there will be fast-rolling scalar-eld driven models where 3 > 2 . However these will not then be inationary, for
they will not be accelerating (the requirement for an accelerating universe is + 3p=c
2
< 0). Thus eects of the kind
considered here will occur in all positive curvature inationary universes, but power-law models will have dierent
detailed behaviour than ones with an eective cosmological constant calculated above. The numbers will be dierent
and the constraints may be much less severe.
VI. CONCLUSION
If we ever observationally determine that 

0




is some value suÆciently large
that we can distinguish the value of 

0
from unity, and so will certainly be greater than 0:01 (for otherwise we could
not observationally prove that 

0
> 1). Thus there cannot in this case have been exponential ination through
some value that will depend on the model used; in the case considered above, it is about 59 e-foldings, so such an
inationary scenario, with 60 or more e-foldings, could not have occurred. Hence it is of considerable interest to try
all forms of cosmological tests to determine if 

0




> 1 or 

0
< 1: The point of this paper is to comment that there are substantial dynamical implications
if we can ever make this distinction on the basis of observational data. There is not a corresponding implication on
the negative side, i.e. for Æ < 0 , 

0






at the end of the Planck time; but the results presented here are independent of any such
considerations): Thus if we could ever determine say that 

0
= 0:99; this would not imply any limit on the number
of efoldings, whereas for 

0
= 1:01; such restrictions are implied.
Many inationary theorist would not nd this conclusion surprising, as they would expect the nal value of Æ to
be very small, as is indicated here, and would assume that if we were too far from at today this was just because,
given the starting conditions for the inationary era, one had not had enough e-foldings to truly atten the universe;
so more efoldings should be employed, and we would end up much closer to at today. However they have arrived at
that conclusion by examining the case of scale-free (exponential) expansion, which arises when the spatial curvature
term in the Friedmann equation is ignored, and then placing bounds on the value of the allowed energy density at the
start of ination. But the point of the present analysis is precisely that one cannot ignore that curvature term at early
enough times in an inationary epoch driven by a cosmological constant. It is the resulting non-scale-free behaviour
that leads to the restrictions on allowed e-foldings calculated above, irrespective of the initial conditions inherited from
the Planck era. The implication is that if you call up the extra e-foldings needed for that programme just outlined,




Thus this kind of result strengthens the inationary intuition. However that e-folding limit is not incorporated in the




> 1, so that only restricted e-foldings can occur and be compatible with the observed CBR temperature,
this could have signicant eects on structure formation scenarios. The usual analyses resulting in the famous






[3] are based on assuming that more than 60 e-foldings can occur even if
k = +1. We suggest the theoretical results need re-examination in the domain where k = +1 and only a restricted




varies from 1  Æ to 1 + Æ, however small Æ is, the curvature sign k changes from  1 to +1 and the corresponding
term k=S(t)
2
in the Friedmann equation - which necessarily dominates over any constant term in that equation, for
small S(t) - completely changes in its eects. When k = +1 it eventually causes a turn-around for some t
0
; when
k =  1 it hastens the onset of the initial singularity.
It should be noted that this conclusion is based purely on examining ination in FL universe models with a constant
vacuum energy, and is not based on examinations of pre-inationary or Trans-Planckian physics on the one hand, nor
on studies of imbedding such a FL region in a larger region on the other. It is based solely on the dynamics during
the inationary epoch. However it considers only a constant vacuum energy, equivalent to a no-rolling situation, and
so does not take scalar eld dynamics properly into account. It will be worth examining slow-rolling and fast-rolling
models to see what the bounds of behaviour for k = +1 inationary models are in those cases. We indicated above
that insofar as these universes are inationary (i.e. they are accelerating during the scalar-eld dominated era), similar
e-folding bounds may be expected in these cases also. Also as indicated above, the results will be modied if there is
9a substantial radiation density during the initial phase of ination. We are currently investigating the dierence that
this will make.
We are fully aware that in order to properly study the issue, we need to examine anisotropic and inhomogeneous
geometries rather than just FL models, because analyses based on FL models with their Robertson-Walker geometry
cannot be used to analyse very anisotropic or inhomogeneous eras. Nevertheless this study shows there are major
dynamical dierences in inationary FL universes with k = +1 or k = 0. The implication is (a) that we need
to try all observational methods available to determine if k = +1, because this makes a signicant dierence not
only to the spatial topology, but also to the dynamical and causal structure of the universe, and (b) we should
examine inhomogeneous inationary cosmological models to see if any similar dierence exists between models that
are necessarily spatially compact, and the rest.
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